Many experiments show that the numbers of mRNA and protein are proportional to the cell volume in growing cells. However, models of stochastic gene expression often assume constant transcription rate per gene and constant translation rate per mRNA, which are incompatible with these experiments. Here, we construct a minimal gene expression model to fill this gap. Assuming ribosomes and RNA polymerases are limiting in gene expression, we find that (1) because the ribosomes translate all proteins, the concentrations of proteins and mRNAs are regulated in an exponentially growing cell volume; (2) the competition between genes for the RNA polymerases makes the transcription rate independent of the genome number. Furthermore, by extending the model to situations in which DNA (mRNA) can be saturated by RNA polymerases (ribosomes) and becomes limiting, we predict a transition from exponential to linear growth of cell volume as the protein-to-DNA ratio increases.
RNA polymerase (n)
Ribosome ( (a) In the constant rate model, the transcription rate is proportional to the gene copy number, and the translation rate is proportional to the mRNA number. These assumptions imply that the gene number and mRNA number are the limiting factors in gene expression. (b) In Phase 1 of the growing cell model, we introduce as limiting factors RNA polymerases (RNAPs) and ribosomes. Genes with different colors are transcribed with different rates. Here k0 is a constant and the gene regulation is coarse-grained into the gene allocation fraction φi = gi/ j gj. gi is the effective copy number of gene i (also accounting for the promoter strength). n is the total number of RNAPs. Translation rates of mRNA depend on the number of active ribosomes (far), the translation rate kt, and the fraction of mRNA i in the total pool of mRNA. In a later section (A unified phase diagram of gene expression and cellular growth), we will relax our assumptions and consider situations in which the limiting factors of gene expression become the gene number and the mRNA number.
dependent of the genome copy number since a change 159 in the genome number leaves the allocation fraction of 160 one gene invariant, a conclusion which is consistent with 161 a number of experimental results on various organisms 162 [18] [19] [20] 36] . 163 In fact, explicit gene regulation can also be included in 164 our model (Methods), with a time-dependent g i . In such 165 scenarios, g i may be a function of protein concentrations 166 (for instance, the action of transcription factors modifies 167 the transcription rate). Such models will lead to more 168 complex dynamics of mRNA and protein concentrations. 169 However, since we are interested in the global behavior of 170 gene expression and cell volume growth, we do not focus 171 on these complex regulations in this manuscript. Our In the following, m, p, r, n represents the numbers of mRNA, protein, ribosome and RNA polymerase, respectively. Proteins (p) also include RNAPs (n) and ribo-somes (r) [30] . We consider the degradation of mRNA with degradation time τ for all genes. The protein number decreases only through cell divisions (though adding a finite degradation rate for proteins does not affect our results). The chemical reactions of gene expression within Phase 1 of our model are summarized in the following sets of equations and Figure 1b , 
determined by the relative abundance of active ribosomes 212 in the proteome [30, 31] .
213
Similarly, we can find the number of protein i grows as d p i /dt = k t f a φ i r . As the cell grows and divides, the dynamics becomes insensitive to the initial conditions, so the protein number will grow exponentially as well [21] . The ratio between the averages of two protein numbers in the steady state is set by the ratio of their production rate, therefore p i / p j = φ i /φ j . The average number of mRNA traces the number of RNA polymerases according to Equation (2), and therefore also grows exponentially.
Throughout the cell cycle we have
where m b (i) (p b (i)) is the number of mRNA (protein) of 214 gene i at cell birth.
215
The concentration of mRNA and protein of gene i as cm i = m i /V , c i = p i /V . According to Equations (1a-1c), the deterministic equations of the above variables become (see details in Methods)
Stable fixed points exist for the dynamics of c i and cm i , the corresponding average mRNA number at cell birth
We remark that the exact 250 molecular mechanism of cell division does not affect our 251 results.
252
We corroborate the above analytical calculations with 253 numerical simulations. These will also capture the tively similar results (Methods, Figure S1 ).
283
The corresponding trajectories of protein and mRNA ume [8, 9, 11, [49] [50] [51] , checking correlations between pro-304 tein content at cell birth and division has received sig-305 nificantly less attention [52, 53] . Related to this, we 306 study the auto-correlation function of protein concen-307 tration in time. We find that the auto-correlation func-308 tion is approximately exponential, with a correlation time 309 bounded from below by the doubling time ( Figure S2 ).
310
Both of these results provide experimentally testable pre- However, we find that the coefficient of variation (CV, 359 the ratio between standard deviation and mean) of the 360 most highly expressed proteins is only about 0.02 within 361 the growing cell model (Figure 3b ), much smaller than 362 that found in experiments [47, 56] . (a) Theoretical phase diagram of gene expression and cellular growth within our model. The x axis is the protein-to-DNA ratio (γ). When γ < γ1, neither DNA nor mRNA is saturated. The mRNA number, the protein number and the cell volume all grow exponentially with the growth rate set by the fraction of ribosomal gene in the total genome (φr). When γ1 < γ < γ2, DNA is saturated but mRNA is not. The protein number and the cell volume still grow exponentially while the mRNA number is a constant proportional to the gene number. When γ > γ2, both DNA and mRNA are saturated. The protein number and cell volume grow linearly, and the cell volume growth rate is set by the genome copy number. We define the protein-to-DNA ratio (PTD ratio) as the 396 sum of protein numbers divided by the sum of effective 397 gene numbers,
As the PTD ratio becomes larger, e.g., due to a suffi-399 ciently large cell volume with a fixed number of gene, 400 the number of RNAPs (ribosomes) will exceed the max-401 imum load the total genes (mRNAs) can hold. We have 402 discussed thoroughly Phase 1 (neither DNA nor mRNA 403 is saturated) earlier and we summarize our predictions 404 on the transition from Phase 1 to other phases in the 405 following.
406
Phase 2: In Phase 2, the limiting factor in transcrip-407 tion becomes the gene copy number and the transcription 408 rate is proportional to the gene copy number (Figure 4b ).
409
The threshold PTD ratio for the transition from Phase 1 410 to Phase 2 is (Methods),
Here n s is the upper bound of the number of RNAPs that 412 can work on one gene, φ n is the gene allocation fraction the transcription rate depends on the relative fraction of 504 genes in the genome rather than its absolute number [22] .
505
During DNA replication, we find that the gene allo- We define the fraction of mRNA i in the total mRNA pool as f i = m i / j m j , and the concentration of mRNA and protein of gene i as cm i = m i /V , c i = p i /V . We denote the RNAP and ribosome concentration as c n and c r . According to Equations (1a-1c), the deterministic equations of the above variables then become
Using the condition that mRNA degradation time is 529 much smaller than the doubling time (µτ 1), we find 530 the fixed points for the dynamics of f i , c i , and cm i . These 531 are, respectively, φ i , f i , and k 0 φ i c n τ . Replacing f i by φ i 532 and c n by φ n , we obtain the approximate version of the 533 above equations, Eq. (5a,5b).
534
Simulations of independent growth model 535 In the growth model corresponding to Figure 2d , we assume the protein number and cell volume grow exponentially and independently, dp dt = (1 + ξ p (t))p (13)
Here, ξ p (t), ξ V (t) are white noise terms, with the auto-
In Fig-537 ure 2d of the main text, we choose A p = A V = 1.
538
Simulations of growing cell model 539 We simulated Equations (1a,1b,1c), fixing r b , n b , b 0 , 540 φ r , f a , I c , τ as well as the growth rate µ. Other pa-541 rameters are inferred given the above values, e.g., φ n =
We fix the 543 time step δt so that the probability for one event to hap-544 pen during a time step is smaller than 0.1. We track one 545 of the daughter cells after cell division.
546
Gene dosage effects 547
In reality, the gene allocation fraction φ i changes during the cell cycle due to the finite duration of DNA replication. In this section we introduce the modified version of the gene expression model incorporating DNA replication. Although our model is general, we focus on DNA replication in bacteria for concreteness, specifically E. coli where this process is very well characterized. We expect our conclusions to be generally valid. Furthermore, we refine our model for cell division, assuming that the initiator protein triggers the initiation of DNA replication rather than cell division, with the threshold I c proportional to the number of origins of replication [54, 61] (the number of which doubles at each initiation). We assume that the cell division takes place a fixed time C + D after initiation of the DNA replication, where C, D are respectively the time for DNA replication and the time between the completion of DNA replication and cell division. The number of origins reduce by half at each cell division. Other details are the same as in the main text. Each gene doubles its copy number during the C period, and we choose this gene replication time to be randomly and uniformly distributed across all genes. When a gene i replicates,
where the second equation accounts for the normalization 548 of the gene allocation fraction. We choose the experimen-549 tally reported C and D and cell doubling time from Ref.
550
[54]. In Figure 3a , we simulate the model by tracking one 551 daughter cells. In Figure 3b , we track all the cells in an 552 exponentially growing population, which starts from 100 553 cells to 5000 cells.
554
Simulations of gene activation 555 We generalize the constitutive expressed genes consid-556 ered in the main text to include a single regulated gene 557 by considering a random telegraph process of the effective 558 gene copy number [1],
Here the gene deactivation rate k − g is constant, and the 560 activation rate is set by the concentration of transcription 561 factor through positive regulation, k + g = k g0 c T F . Here, 562 k g0 is constant. When gene i is active, the correspond-563 ing gene allocation fraction follows φ i = g i0 / j g j , and 564 when it becomes deactivated φ i = 0. Note that here 565 we only consider one regulated gene i, but the changing 566 gene allocation of gene i also affects other genes' alloca-567 tion fraction. We simulate the model in Phase 1, and the 568 deactivation of gene i increases other genes' allocation 569 fraction as φ j → φ j /(1 − φ i ), with φ i = g i0 / j g j .
570
Simulated trajectories of gene allocation fraction, 571 mRNA number, protein number and cell volume are 572 shown in Figure S1 .
573
General model of gene expression 574 We consider the generalized equation of mRNA num-575 ber, Eq. (1a) in the deterministic limit as
Here n c is the threshold number of RNAPs above which 577 DNA starts to be saturated, in which case the transcrip-578 tion rate becomes proportional to the effective gene copy 579 number g i and independent of the RNAP number. For 580 one gene, the maximum load of RNAP that it can hold is 581 g i n s , where n s is the maximum number of RNAPs that a 582 single copy of constitutively expressed gene (g i = 1) can 583 hold. n c can be computed as
We also generalize the growth of protein number from 585 Eq. (1c) to
Here r c is the maximum number of ribosomes above 587 which mRNA starts to be saturated. We drop the frac-588 tion of actively working ribosomes since it is often a con- 
Given Eqs. (18, 20) , we obtain four possible phases:
593
(i) n < n c , r < r c , (ii) n > n c , r < r c , (iii) n > n c , r > r c , 594 and (iv) n < n c , r > r c . Given a fixed value of φ r and φ n , 595 either (ii) or (iv) is possible. Realization of (ii) requires 596 that n > i g i n s and r < k 0 τ r s i g i n s , therefore somes are typically more expensive to make than other 605 proteins, we assume the biological scenario, Eq. (22) will 606 be satisfied.
607
From Eq. (19) and using n/ i p i = φ n , we obtain the 608 threshold PTD ratio for the transition from Phase 1 to 609 Phase 2,
In Phase 2, the average mRNA concentration becomes
which is inversely proportional to the protein-to-DNA 612 ratio.
613
From Eq. (21) and using r/ i p i = φ r , we obtain the 614 transition PTD ratio from Phase 2 to Phase 3 as, 615 γ 2 = k 0 τ r s n s φ r .
In Phase 3, the mRNA concentration is the same as Biology 20 (2010).
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